We implement a three-body confinement force, introduced on an algebraic basis, into a semirelativistic version of the Goldstone-boson-exchange constituent quark model. By solving the Faddeev equations we show that this interaction can increase the gap between singlet and colour states, such as the latter can be ignored and the known baryons can be described as q 3 systems.
In constituent quark models only two-body F i · F j colour confinement forces have been considered so far. They can be expressed in terms of the quadratic (Casimir) operator of SU C (3), thus the three-quark Hamiltonian of a constituent quark model is SU C (3) invariant.
But as such, besides colour singlets, the Hamiltonian also possesses colour octet and decuplet states. In practice, these states have tacitly been ignored, relying on the assumption that colour states do not exist. However, if these states are located in the observed baryon resonance region they should either be taken into account as coupled to colour octet seapairs or gluons (see for example [1] [2] [3] ) or otherwise shifted at higher energies, by a change in the dynamics of the quark model.
A solution in the latter direction has recently been proposed in Ref. [4] . Although OCD has a local exact SU C (3) symmetry, in QCD-inspired models this symmetry appears as global, by construction. This implies that any quark model Hamiltonian inspired by QCD can be written in terms of every SU(3) invariant operator. Based on this argument in Ref.
[4] a three-quark confining potential that depends on the cubic invariant operator of SU (3) has been added to the usual two-body confinement. In a qualitative way, it was shown that such an interaction can increase the gap between the singlet and colour states provided its strength has a specific sign and range. Besides its implications on the spectrum of ordinary q 3 systems, its role in exotic q 2 q 2 hadrons has also been considered.
The three-body confinement force of Ref. [4] has subsequently been analysed in Ref. [5] in the context of a harmonic oscillator confinement where the size of its effect on the gap between the colour and singlet states in the spectrum of a q 3 system has been estimated. As a by-product, the q 6 system with relevance to the nucleon-nucleon problem has also been discussed.
The existence of a three-body confinement force has been previously mentioned in the literature (see e.g. [6] ) as being more complex than summing over the confining interaction between pairs, but no particular form for its colour dependence has been suggested.
In the present work we first show explicitly how much the singlet and colour states of a realistic constituent quark model appear close to each other. Next, by introducing a three-body confinement force related to the cubic invariant of SU(3), we demonstrate that one can separate them largely enough so that the colour states can be ignored. For this purpose, here we consider the semirelativistic constituent quark model of Ref. [7] , into which we implement a three-body confinement interaction. By using the Faddeev approach of Ref. [8] we calculate the lowest singlet, octet and decuplet states of a three-quark system, with this three-body confinement force.
Here we present the nucleon sector, namely S=1/2 and I=1/2. The lowest colour octet and decuplet q 3 states compatible with the Pauli principle are displayed in Tables I and II respectively . For orientation, their excitation energy E N − E 0 , estimated in a harmonic oscillator confinement, is shown in the last column. In the same harmonic oscillator confinement the first colourless negative parity state is also 616 MeV above the ground state.
Therefore one can see that the 0 + colour octet and decuplet states appear substantially below this negative parity state. In the following we shall consider only the lowest colour states, namely the 0 + and 1 − octets and the 0 + decuplet. It is necessary to displace all colour states at energies where they can safely be neglected, if the nucleon resonances are to be interpreted as pure q 3 excitations. This can indeed be achieved by an additional three-body force, as shown below.
The realistic total Hamiltonian presently under discussion has the form
where p i and m i are the momentum and the constituent mass of the quark i, V 2b the twobody confinement, V 3b the three-body confinement and V χ the hyperfine interaction. Taking V 3b = 0 one recovers the chiral constituent quark model of Ref. [7] which is the simplest semirelativistic version (no tensor, no spin-orbit) of a model originally proposed in Ref.
[9] where the hyperfine interaction is spin and flavour dependent. The origin of such an interaction is thought to be the pseudoscalar meson exchange between quarks. This model, either in a nonrelativistic or a semirelativistic form, reproduces well the spectra of light baryons and in particular the correct order of positive and negative parity states. Although we have chosen a particular model we expect our conclusions to be relevant for any reasonable constituent quark model with three valence quarks. The detailed parametrization of V χ can be found in Ref. [7] and we do not reproduce it here, the main emphasis being laid on the confinement potential. We use a V 2b term of the form
where F a i = 1 2 λ a i is the colour charge operator of the quark i, λ a are the Gell-Mann matrices
with γ = 2.33 fm −2 and V 0 = −416 MeV as in Ref. [7] . The colour part of V 2b is consistent with Refs. [4, 5] but different from that of [7] . It stems from the stability condition of apair but it depends on an arbitrary constant which leads to the term 7 3 . Anyhow, we rescale this interaction such as to reproduce the spectrum obtained in [7] (see later).
The three-body confinement interaction has the form [4] 
where V ijk is the radial part and C ijk is the colour operator
with d abc some real constants, symmetric under any permutation of indices and defined by the anticommutator of the Gell-Mann matrices as {λ a , λ b } = 2d abc λ c [10] . The operator (5) can be rewritten in terms of the two independent invariant operators of SU(3) as
where C (2) is the quadratic (Casimir) and C (3) the cubic invariant. The expectation values of (6) can thus easily be obtained from the eigenvalue of C (2) and C (3) [10] for any irreducible representation of SU(3).
The choice of V ijk is related to our present knowledge of confinement. Lattice calculations are ambiguous about its form in baryons. Both Y and ∆ shapes are supported [11] . Moreover the interaction potential obtained in such calculations corresponds to the colourless ground state only. No information from lattice QCD about colour octets is available so far. In this situation we use a three-body confinement, either in a triangular shape
or in a Y-shape
with r 0 the point where the three flux tubes meet such as to satisfy the SU C (3) gauge invariance (see e. g. [12] ). In (7) and (8) the value of γ is the same as in Eq. (3) and the parameter c represents the relative strength of the three-body versus the two-body force. By assuming a triangular shape, in Ref. [4] it was found that c must be located in the interval
The upper limit ensures that the lowest colour singlet is below the lowest colour octet state. The lower limit was required by the stability condition of the nucleon, V 2b + V 3b > 0. In Ref. [5] some arbitrariness was noticed for the lower bound because this is related to the choice of the colour operator in (2). However the above range of c is entirely satisfactory for our discussion of the triangular shape. In fact the common conclusion of [4] and [5] was that c must be negative in order to obtain an increase in the gap between the colour octet and singlet states in a q 3 system. Therefore in the calculations below related to the triangular shape, we take
The Hamiltonian (1) was solved by using the Faddeev approach of Ref. [8] , adequate for confining potentials. The necessary expectation values for the two-body colour operator appearing in (2) are given in Table III . The expectation values of the three-body colour operator (6) are taken from [4] or [5] . These are 10/9, -5/36 and 1/9 for the singlet, octet and decuplet SU(3) states, respectively.
A particular advantage of the Faddeev approach is that the incorporation of permutation symmetry is very easy. For identical quarks, as in this case, the three Faddeev components of the three-quark wave function have the same functional form in their own Jacobi coordinate systems. Therefore the three equations can be reduced to a single one. From the structure of this equation it follows that the correct symmetry of the wave function under the exchange of any two particles is automatically guaranteed if the correct symmetry is implemented in one of the three components. In our calculation a bipolar harmonic basis was used, combined with spin, isospin and colour basis states. If we select the basis states such as
where l, s, i and c are the relative angular momentum, spin, isospin and colour quantum numbers of a two-quark pair, the Pauli principle for the three-quark system is satisfied.
We have (−) c = 1 when [f ] C = [2] and (−) c = -1 when [f ] C = [11] , where [f ] C is a given partition. If we denote the total angular momentum by L and the total parity by P = (−) l+λ , where λ is the relative angular momentum of the third particle with respect to the pair, then the lowest colour octets must have L P = 0 + , 1 −1 and the lowest decuplet L P = 0 + . In Table IV we show the structure of the lowest colour states with the corresponding quantum numbers of their components. This treatment of permutation symmetry as well as the whole numerical procedure were checked against the exact harmonic oscillator results of Ref. [5] .
As mentioned above, our purpose is to understand the implications of a three-body colour confinement interaction in a realistic model. We look separately at its effect produced either by the ∆ shape (7), or by the Y shape (8) .
I. The ∆-shape. This shape is currently used in conjunction with a two-body F i · F j colour operator as an approximation to the Y shape [12] . In this case the contribution of the colour part of V 2b and V 3b sum up together to χ i (i=1,8,10) as in Eq. (14) of Ref. [5] . In particular the expectation value of the colour operator contained in V 2b + V 3b is χ 1 = 5/3 + 10/9 c for the singlet. In order to keep the ground state baryon mass constant and equal to that of Ref. [7] we rescaled χ i to
In Fig. 1 we show the dependence of some eigenvalues of the Hamiltonian (1) II. The Y-shape. This is a genuine three-body force, both in the coordinate and the colour space as well. Accordingly, the addition low (11) does not hold anymore. In the Y-shape, the flux tubes meet at 120 0 in order to ensure the minimum energy. This shape moves continuously to a two-legged flux-tube configuration where the legs meet at an angle larger than 120 0 . In this case one of the flux tubes collapses which means that r i = r 0 for i = 1, 2 or 3. The spectrum associated to the Y-shape (8) is presented in Fig. 2 . In this case the lower limit on c imposed by the inequality (9) is no more valid but c must remain negative. So we varied c between zero and -2. At c = 0 the spectrum is the same as in trend is similar to the ∆-shape case, but the mass of any colour state rises slower with the strength |c| of the three-body Y-shape force. If one would rescale the |c|-axis by a factor 1/2, the ∆-and the Y-shape results would look closer to each other.
To better understand the role of the three-body confinement force we also calculated the root-mean-square radii associated to the states of Fig. 2 . These are displayed in Fig. 3 except for the radius of the 1 − state, which is practically identical to that of the 0 + state. One can see that the quark core radii of the ground state nucleon and its lowest N( 1 2 ) resonances remain practically unchanged. On the other hand, the colour states shrink substantially, becoming smaller than the nucleon itself beyond c < −1. This is obviously the effect of the increase of the confinement contribution through the addition of the three-body term and may be an welcome feature.
In conclusion, through the example of the Goldstone-boson-exchange model [7] we have shown that the spectrum of a realistic constituent quark model with a pairwise colour confinement operator and a linearly increasing behaviour can accomodate both singlet and colour low-lying q 3 states. The lowest octet and decuplet colour states appear in the middle of the observed spectrum which means they cannot be ignored. In this situation there are two alternatives: 1) To keep simplicity. Then, as shown here, the addition of a three-body confinement interaction can increase the gap between singlet and colour states by a few GeV without altering the quality of the colour singlet spectrum. Then the colour states can be neglected in calculations and the baryons can be described as pure q 3 states. The size of the gap depends on the spatial part of the three-body force. The relative strength c of the three-body force versus the two-body confinement force must be stronger for the Y-shape than for the more common ∆-shape in order to obtain a similar energy separation. It would be interesting to see how other baryon properties are affected by a three-body confinement interaction.
2) If however the colour states are maintained low in the spectrum of a Hamiltonian with a pairwise confinement interaction only, one has to give up the simple q 3 picture of baryons.
The colour states could give rise to colourless hybrid baryons having singlet-singlet + octetoctet colour components either of type (qqq)(qq) or of type (qqq)g [1] [2] [3] . In the context of a potential model based on a one-gluon exchange hyperfine interaction, applied to the study of tetraquarks i. e.systems, it has been shown [13] [14] [15] that there is a strong mixing between states formed of two colour singlet and two colour octet (qq) pairs which leads to a substantial lowering of the variational energy. This should also be the case for hybrid baryons where singlet-singlet (qqq) 1 (qq) 1 and octet-octet (qqq) 8 (qq) 8 components could mix substantially. The present study suggests that such hybrids are to be expected in all partial waves if only two-body F i ·F j are considered. This deserves a separate investigation inasmuch as hybrid baryons raise a new interest [16] . give the permutation symmetry in the orbital, spin-isospin ad spin-isospin-colour spaces respectively and the last column gives an estimates of the excitation energy E N − E 0 = (N + 3)hω[χ 8 ] 1/2 of each state for a harmonic oscillator two-body confinement with N quanta, ω/c = 2 f m −1 and χ 8 (c=0) given by Eq. (11) . where χ 10 (c=0) comes from Eq. (11) also. the relative angular momentum, spin, isospin and colour quantum numbers of a two-quark pair and λ is the relative angular momentum of the third particle with respect to the pair. 
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